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1. Introduction
The meridional number of a link in the solid torus was introduced by the ﬁrst author in [5]. In this paper, it is shown
that this number can be estimated from above with some coeﬃcients coming from skein modules of the solid torus: the
HOMFLYPT, Kauffman, Kauffman bracket and homotopy skein modules [2,6,3,4]. Using the Kauffman bracket, we calculate
the meridional number of the Bing links Bn , n ∈N.
The ﬁrst author is supported by the Slovenian Research Agency grants P1-0292-0101 and J1-9643-0101. The second
author is supported by the Polish ministry grant N200100831/0524. Both authors are supported by the bilateral Polish–
Slovenian grant No. 10 for the years 2008/09 and the ARRS grant BI-PL/10-11-001.
We would like to thank the referee for suggesting a shorter proof of Proposition 3.
2. Meridional number
We denote the solid torus D × S1 (D a disk) by T . For n ∈ N, T is divided by n meridional disks Dn = D × e 2πkin ,
k = 1, . . . ,n, into n chambers C1, . . . ,Cn . Let L be an unoriented (tame) link in T , transversal to each Di . For k ∈ {1, . . . ,n},
L∩Ck consists of closed curves and arcs with boundary of two types: arcs with two boundary points on the same meridional
disk on one side of Ck (nontraversing arcs) and arcs with boundary points on different meridional disks on each side of Ck
(traversing arcs).
Denote by v(L) the maximum n for which there exists L′ isotopic to L, transversal to each Di , with no traversing arcs.
Notice that v(L) can be equal to ∞. We call v(L) the meridional number of L.
Let J ′n(L) be the minimum number of traversing arcs in C1, . . . ,Cn , where the minimum is taken on all L′ isotopic to L,
transversal to each Di . Notice that v(L) is the maximum n for which J ′n(L) = 0.
A link is aﬃne if it lies inside a 3-ball in the solid torus.
Proposition 1. Let L be a nonaﬃne link in T and k the number of its components. Then v(L) k.
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Proof. We may assume that v(L) 2 otherwise the inequality is trivial. Subdivide T into n chambers, n v(L), so that L lies
in these chambers with no traversing arcs. As L is nonaﬃne it has to intersect each of the n meridional disks. A component
of L cannot intersect two different Dis, otherwise there would be traversing arcs. So there are at least as many components
in L as the number of Dis, which is n. Thus n  k. Now if v(L) < ∞, we can take n = v(L). If v(L) = ∞ then n and so k
would be arbitrarily large, which is impossible for a tame link which has a ﬁnite number of components. Thus, if v(L) = ∞,
L has to be aﬃne. 
Corollary 1. L is aﬃne iff v(L) = ∞.
Proof. If L is aﬃne then clearly, for each k, J ′k(L) = 0 so v(L) = ∞. It L is nonaﬃne then v(L) = ∞, as was shown at the
end of the proof of the preceding proposition. 
3. Skein modules and the meridional number
In this section we establish some upper bounds of the meridional number coming from skein modules of the solid
torus T . The meridional number v(L) is deﬁned for unoriented links without framing, but it is naturally extended to oriented
and/or framed links, the extra structure(s) being disregarded.
Recall that a diagram of a link L in T = I × I × S1 is a generic projection of L onto the annulus I × S1 together with
information of under- and over-crossings for the branches of the double points. Two diagrams represent the same link if one
can be obtained from the other by a sequence of classical Reidemeister moves. If the link is oriented then so is the diagram.
If the link is framed, we consider the blackboard framing for the diagram and the ﬁrst Reidemeister move is forbidden as it
changes the framing.
Let tk be the oriented knot in T representing k in π1(T ) = Z, and having an ascending diagram with respect to a
basepoint situated close to the exterior circle of the annulus (i.e. there is an arc joining the basepoint to this circle whose
interior is disjoint from the diagram). The knot t0 is the trivial knot. A diagram of t3 is presented on the left of Fig. 1.
There is a naturally deﬁned commutative multiplication of links in T , consisting in placing one link above the other. For
instance t3t−1 is pictured on the right of Fig. 1.
Let B be the following family of oriented links represented by ascending diagrams:
B = {ti1k1 . . . tisks : s ∈N, k1 < · · · < ks ∈ Z∗, i1 . . . is ∈N
}∪ {∅}, where ∅ is the empty knot.
In π1(T ), [ti1k1 . . . t
is
ks
] =∑sl=1 ilkl . Deﬁne the degree of ti1k1 . . . tisks to be
∑s
l=1 il|kl|.
Lemma 1. Let L = ti1k1 . . . t
is
ks
be of degree d. Then J ′n(L) = dn.
Proof. Clearly, J ′n(L)  dn, as one checks for the standard diagram of L, such as the one depicted in Fig. 1. On the other
hand, suppose that J ′n(L) < dn. Then L can be isotoped so that there is a chamber containing less then d traversing arcs.
This in turn means that there is a tk in L which has less than |k| travesing arcs in this chamber. But this is impossible as
[tk] = k in π1(T ). So J ′n(L) = dn. 
3.1. The HOMFLYPT skein module
Recall the deﬁnition of the HOMFLYPT skein module.
Let M be an oriented 3-manifold, L the set of oriented links in M up to ambient isotopy (including the empty knot),
R = Z[v±1, z±1] and S the submodule of RL generated by expressions v−1L+ − vL− − zL0, where L+ , L− and L0 are 3
links identical except inside a 3-ball where they look as in Fig. 2. To S is added the expression involving the empty knot:
v−1∅ − v∅ − zt0, where t0 is the trivial knot.
Then the HOMFLYPT skein module of M , denoted S3(M) is RL/S .
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Fig. 3. The chain with n components.
For the solid torus T , S3(T ) is a free R-module with basis B (see [2,6]). Thus any link L is expressed uniquely in S3(T )
as a ﬁnite sum:
L = Q 0∅ +
∑
i
Q 2,i T2,i +
∑
i
Q 4,i T4,i + · · ·
or
L =
∑
i
Q 1,i T1,i +
∑
i
Q 3,i T3,i + · · ·
where Tk,i are links in B of degree k and Q 0, Qk,i are Laurent polynomials in v and z.
Let Q ∈ Z[v±1, z±1]. Then Q = (v − v−1)k Q ′ , where (v − v−1) does not divide Q ′ for some Q ′ and k. Let m(Q ) =
k + degz(Q ′) = k + degz(Q ), where degz(Q ) can be negative. Let mj(L) be the minimum over i of m(Q j,i).
Theorem 1. Let L be a nonaﬃne link in T . Then m j(L) v(L) j/2.
Proof. From Corollary 1, v(L) < ∞. If v(L) = 0 the inequality is trivial, so assume v(L) > 0. By assumption L lies in v(L)
chambers with no traversing arcs. L is expressed in S3(T ) with links in B by the usual method: a diagram of L with n
crossings is made ascending by some crossing changes (the components of L are ordered arbitrarily and endowed with
some endpoints on them, situated close to the exterior circle of the annulus of the diagram). In the process some diagrams
with n − 1 crossings appear from the HOMFLYPT relations, which are made ascending similarily. In this way, L is expressed
with descending diagrams. Such a diagram represents a link in B with, possibly, some disjoint union of trivial knots. Each
such knot can be replaced in S3(T ) with a multiplication by v−1−vz (this follows from HOMFLYPT relations except in the
case of the empty knot, for which the relation is added in the deﬁnition of S3(M)).
From Lemma 1 a link in B of degree j has at least jv(L) traversing arcs. Switching a crossing does not change the type
of any arc, whereas smoothing a crossing can at most create two traversing arcs. Thus, to get jv(L) traversing arcs from
L, one has to do at least v(L) j/2 smoothings, each corresponding to a multiplication by z in S3(T ). Removing a trivial
component corresponds to a multiplication by v
−1−v
z . Thus, in the expression of L with basis elements in B, each such
element of degree j appears with a coeﬃcient Q , such that m(Q ) v(L) j/2. It follows that mj(L) v(L) j/2. 
Example. For a chain with n components Ln , pictured in Fig. 3, Ln = Q 0t0 + znt1t−1 in S3(T ) for some Q 0 ∈ Z[v±1, z±1]. To
get this expression, one uses HOMFLYPT relation on successive crossings close to the exterior circle of the annulus. Clearly,
v(Ln) n. From the preceding theorem v(Ln)m2(Ln) = n. Thus v(Ln) = n.
3.2. The q-homotopy skein module
Recall the deﬁnition of the q-homotopy skein module.
Let M be an oriented 3-manifold, L the set of oriented links in M up to ambient isotopy, R = Z[v±1, z] and S the
submodule of RL generated by expressions L+ − L− if the crossing in L+ is a self-crossing, and v−1L+ − vL− − zL0, if the
crossing in L+ is a crossing between different components, where L+ , L− and L0 are pictured in Fig. 2. Then the q-homotopy
skein module of M , denoted HSq(M) is RL/S .
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Let B0 = {ti1k1 . . . t
is
ks
: s ∈ N, k1 < · · · < ks ∈ Z, i1 . . . is ∈ N}. Then, HSq(T ) is a free R-module with basis B0 (see [4,6]).
Thus any link L is expressed uniquely in HSq(T ) as a ﬁnite sum:
L =
∑
i
Q 0,it
i
0 +
∑
i
Q 2,i T2,i +
∑
i
Q 4,i T4,i + · · ·
or
L =
∑
i
Q 1,i T1,i +
∑
i
Q 3,i T3,i + · · ·
where Tk,i are links in B0 of degree k and Qk,i are in Z[v±1, z].
Let mqj(L) be the minimum over i of degz(Q j,i).
Theorem 2. Let L be a nonaﬃne link in T . Then mqj(L) v(L) j/2.
Proof. The proof is the same as for Theorem 1, except that now no z can be cancelled with trivial components, which
simpliﬁes the proof. 
3.3. The Kauffman bracket skein module
Recall the deﬁnition of the Kauffman bracket skein module.
Let M be an oriented 3-manifold, L the set of unoriented framed links in M up to ambient isotopy including the empty
link, R = Z[A, A−1] and S the submodule of RL generated by expressions L unionsq t0 + (A2 + A−2)L, where t0 is the trivial
unoriented framed knot, and L+ − AL0 − A−1L∞ , where L+ , L0 and L∞ are 3 links identical except inside a 3-ball where
they look as in Fig. 4.
Then the Kauffman bracket skein module of M , denoted S2,∞(M) is RL/S .
Let BK B = {ti1: i ∈N} ∪ {∅}, where t1 is now considered as an unoriented framed knot. Then S2,∞(T ) is a free R-module
with basis BK B (see [3]). Thus any link L is expressed uniquely in S2,∞(T ) as a ﬁnite sum:
L = Q 0∅ +
∑
j2, j even
Q jt
j
1 or L =
∑
j odd
Q jt
j
1
where Q j are in Z[A, A−1].
Let Q ∈ Z[A, A−1]. Then Q = (A2 − A−2)k Q ′ , where (A2 − A−2) does not divide Q ′ for some Q ′ and k. Let m(Q ) = k.
Let mKBj (L) =m(Q j).
Theorem 3. Let L be a nonaﬃne link in T . Then mK Bj (L) v(L) j/2.
Proof. Let L− be the link obtained from L+ in Fig. 4 by changing the crossing that appears in this ﬁgure.
Since in S2,∞(T ), L+ = AL0 + A−1L∞ and L− = AL∞ + A−1L0, one gets:
AL+ − A−1L− =
(
A2 − A−2)L0. (3.1)
Using the last relation one can express L with ascending diagrams exactly as in the proof of Theorem 1. As in this proof,
to get an ascending link of degree j one has to do at least v(L) j/2 smoothings, each corresponding to a multiplication
by (A2 − A−2). Now in S2,∞(T ), t j1 appears only in the expression of ascending links of degree greater or equal to j, so
m(Q j) v(L) j/2. Thus mKBj (L) v(L) j/2. 
3.4. Kauffman skein module
Recall the deﬁnition of the Kauffman skein module.
Let M be an oriented 3-manifold, L the set of unoriented framed links in M up to ambient isotopy, R = Z[a±1, z±1] and
S the submodule of RL generated by expressions L(1) − aL, where L(1) is L with an added positive twist, and expressions
L+ + L− − zL0 − zL∞ , where L+ , L− , L0 and L∞ are 4 links identical except inside a 3-ball where they look as in Fig. 5.
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Fig. 6. First two Bing links.
Fig. 7. Another version of B2.
Then the Kauffman skein module of M , denoted S3,∞(M) is RL/S .
Let Bu be obtained from B by disregarding orientation and adding framing to the links in B. Then, S3,∞(T ) is a free
R-module with basis Bu (see [2,6]). Thus any link L is expressed uniquely in S3,∞(T ) as a ﬁnite sum:
L = Q 0t0 +
∑
i
Q 2,i T2,i +
∑
i
Q 4,i T4,i + · · ·
or
L =
∑
i
Q 1,i T1,i +
∑
i
Q 3,i T3,i + · · ·
where Tk,i are links in Bu of degree k and Q 0, Qk,i are Laurent polynomials in a and z.
Let Q ∈ Z[a±1, z±1]. Then Q = (a + a−1 − z)k Q ′ , where (a + a−1 − z) does not divide Q ′ for some Q ′ and k. Let
m(Q ) = k + degz(Q ′), where degz(Q ′) can be negative. Let mKj (L) be the minimum over i of m(Q j,i).
Theorem 4. Let L be a nonaﬃne link in T . Then mKj (L) v(L) j/2.
Proof. The proof follows exactly the proof of Theorem 1. The trivial components corresponding to v
−1−v
z in the HOMFLYPT
skein module correspond now to a+a−1−zz (this follows from Kauffman relations). 
4. Meridional number of Bing links
The sequence B1, B2, B3, . . . ⊂ T of Bing links is constructed inductively, taking for Bn+1 the satellite of B1 with the
pattern Bn , n ∈N (Fig. 6).
The link Bn is not deﬁned uniquely since autohomeomorphisms of solid tori which are involved in the deﬁnition of
satellites can differ by the Dehn twists. Nevertheless, two different Bns differ at most by some twistings (see Fig. 7).
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Proposition 2. For each natural n the class Bn ∈ S2,∞(T ) is of the following form:
Bn = R
(
A, A−1
)(
A2 − A−2)n2nt2n1 + terms with lower powers of t1
where R(A, A−1) is a polynomial which is not divisible by the polynomial A2 − A−2 . Hence mK B2n (Bn) = n2n.
Corollary 2. For each natural n,
v(Bn) 2n. (4.1)
The Corollary follows immediately from Theorem 3 for j = 2n .
To enable calculations that are necessary in the proof of Proposition 2, introduce some special tangles. Tangle α is a
1-manifold properly embedded into the cylinder D × I (D a disk) such that
∂α ⊂ D × ∂ I.
The points of ∂α ∩ D × 0 and the points of ∂α ∩ D × 1 are said to be the left endpoints and the right endpoints of α,
respectively. Two tangles are equivalent if there exists an ambient isotopy of the cylinder D× I taking one tangle to another.
Additionally, the isotopy should act identically on the bases D × 0 and D × 1.
A tangle consisting of n arcs each having its endpoints on the opposite bases D × 0 and D × 1 and each going strictly in
one direction is said to be a n-strands braid.
A diagram of given tangle α is a regular projection of α ⊂ D × I onto the rectangle I × I with overcrossings and under-
crossings depicted at the double points and with equidistant endpoints on the sides I × 0 and I × 1. The diagram of trivial
n-strand braid τn consists of n parallel line segments in the rectangle I × I .
Given the diagrams of tangles α and β , let
α
β
denote the tangle obtained by putting the diagram of α over the diagram
of β . Given the diagrams of tangles α and β having the equal number of right endpoints and left endpoints, respectively,
deﬁne the tangle αβ by juxtaposition of the diagrams.
For a tangle α ⊂ T having equal numbers of both endpoints (the left and the right ones) its closure Cl(α) is the link in
T obtained by connecting the endpoints with “parallel” arcs (see Fig. 8).
For example, the link Cl(τn) consists of n parallel circles in T which are parallel to the centerline. Hence Cl(τn) = tn1 in
the module S2,∞(T ).
For simplicity, denote the class of empty knot ∅ ∈ S2,∞(T ) by t01. Then any link L is a polynomial of the variable t1 in
the module S2,∞(T ).
Lemma 2. Let α and β be tangles having equal numbers of left and right endpoints:m and n, respectively. Hence
Cl(α) = F (A, A−1)tm1 + terms with lower powers of t1, and
Cl(β) = G(A, A−1)tn1 + terms with lower powers of t1
in the module S2,∞(T ). Here F and G are polynomials.
Then
Cl
(
α
β
)
= F (A, A−1)G(A, A−1)tm+n1 + terms with lower powers of t1.
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Fig. 10. The clasp and the multiple clasps.
If m = n, then the tangle αβ is deﬁned and
Cl(αβ) = F (A, A−1)G(A, A−1)tn1 + terms with lower powers of t1
in the module S2,∞(T ).
Proof. The sequence of smoothings of crossings by the relation (3.1) results in a sequence of factors at the term tn1. Smooth-
ing of all the crossings of α ﬁrst and then of all the crossings of β gives the product F (A, A−1)G(A, A−1). 
It is well known that each n-strands braid is equal to a product
σ
1
j1
σ
2
j2
. . . σ
k
jk
,
where i = ±1 for i = 1,2, . . .k. Here σ1, σ2, . . . , σn−1 are the basic n-strands braids (see Fig. (9)).
It follows immediately from the relation
L+ = AL0 + A−1L∞
that in the module
Cl
(
σj
)= Atn1 + terms with lower powers of t1,
where  = ±1 and j = 1,2, . . . ,n − 1. Then Lemma 2 implies the next lemma:
Lemma 3. For arbitrary n-strands braid μ,
Cl(μ) = Astn1 + terms with lower powers of t1
in the module S2,∞(T ). Here s denotes the sum of signs of crossings of μ.
Introduce the multiple clasps λ2, λ4, λ6, . . . λ2n as shown in Fig. 10. The multiple clasp λ2n has 2n left endpoints and 2n
right endpoints.
Introduce two sequences of polynomials: Q 0(x), Q 1(x), Q 2(x), . . . and P0(x), P1(x), P2(x), . . . deﬁned by
Q 0(x) = 1, P0(x) = 1, Qn(x) =
n∑
k=0
xk, Pn(x) =
n∏
k=1
Qk(x) (4.2)
for n ∈N.
Lemma 4. For each n ∈N,
Cl(λ2n) = (−1)n A2n
(
A2 − A−2)n Pn−1(A4)t2n1 + terms with lower powers of t1 (4.3)
in the module S2,∞(T ).
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Prove Lemma 4 by induction. Apply the relation
L+ = AL0 + A−1L∞
at both crossings of the link Cl(λ2):
Cl = A2 Cl + 2Cl + A−2 Cl .
Apply the relation
L unionsq t0 = −
(
A2 + A−2)L
to the ﬁrst summand (t0 stands for the trivial knot in T ) and we obtain:
Cl = −A2(A2 − A−2)Cl + A−2 Cl .
In a different notation:
Cl(λ2) = −A2
(
A2 − A−2)t21 − A−2(A2 + A−2)t01. (4.4)
Formula (4.3) is proved for n = 1.
Now prove the induction step: suppose that formula (4.3) is true and deduce the analogous formula with n replaced by
n + 1.
Introduce two special kinds of tangles, namely
• shifted multiple clasps λ(0)2n+2 = λ2n+2, λ(1)2n+2, λ(2)2n+2, . . . , λ(n)2n+2 (the upper index shows how far the innermost left arc is
shifted to left), and
• the corresponding braids μ(0)2n+2, μ(1)2n+2, μ(2)2n+2, . . . ,μ(n)2n+2 both depicted in Fig. 11.
Denote shortly F (A, A−1) = (−1)n A2n(A2 − A−2)n Pn−1(A4), G(A, A−1) = −A2(A2 − A−2)F (A, A−1) and “l.t.” = “terms
with lower powers of t1”. The following recursive relations for the shifted clasps will be proved:
Cl
(
λ
(k)
2n+2
)= G(A, A−1)Cl(μ(k)2n+2)+ A−2 Cl(λ(k+1)2n+2 )+ l.t., (4.5)
for k = 0,1,2, . . . ,n − 1 and
Cl
(
λ
(n)
2n+2
)= G(A, A−1)Cl(μ(n)2n+2)+ l.t. (4.6)
To prove (4.5) for k = 0 smooth the innermost clasp λ2 in λ(0)2n+2 by formula (4.4) (see Fig. 12).
But the ﬁrst obtained tangle ρ can be isotoped as shown in Fig. 13. Then the innermost λ2n can be smoothed by formula
(4.3) as shown in the same ﬁgure and the result is the braid μ(0)2n+2.
The relations (4.5) for k = 1,2, . . . ,n − 1 and (4.6) can be proved in an analogous way.
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Fig. 13. The isotoping of ρ and the smoothing of λ2n for n = 3.
Since the diagram of a braid μ(k)2n+2 contains 4n − 2k crossings for k = 0,1, . . . ,n, Lemma 3 implies that
Cl
(
μ
(k)
2n+2
)= A4n−2kt2n+21 + terms with lower powers of t1.
Applying this formula in the relations (4.5) and (4.6) and then putting one relation into another recursively, the following
formula is obtained:
Cl(λ2n+2) = Cl
(
λ
(0)
2n+2
)= G(A, A−1)(1+ A4 + A8 + · · · + A4n)t2n+21 + terms with lower powers of t1
= (−1)(n+1)A2n+2(A2 − A−2)2n+2Pn(A4)t2n+21 + terms with lower powers of t1.
The induction step is proved.
With the multiple clasps λ2, λ4, λ6, . . . in hand it is easy to construct Bing links. For example, the links B1 and B2 from
Fig. 6 can be constructed in the following way:
B1 = Cl(λ2λ2) and B2 = Cl
(
λ4
λ2λ2
τ2
λ4
λ2λ2
τ2
)
.
Generally, the link Bn is a closure of the tangle βn where βn is an expression containing the clasps λ2, λ4, . . . , λ2n and
the trivial braids τ2, τ4, τ8, . . .. The inductive rule for construction of the tangle βn+1 from the tangle βn is as follows:
• Replace each clasp λ2k in βn by the clasp λ2k+1 for k = 2,3, . . . ,n and analogously each trivial braid τ2k in βn by the
braid τ2k+1 for k = 1,2,3, . . .. After this procedure each component of the link Bn = Cl(βn) is doubled into two parallel
components.
• Put one tangle λ2λ2
τ2
into each such pair of two parallel components to change it into a pair of linked components
(there is no explicit rule how to do it).
It follows that the tangle βn consists of 2n tangles λ2, 2n−1 tangles λ4, . . . ,2n−k tangles λ2k+1 , . . . ,21 tangles λ2n . Then
Lemmas 2 and 4 imply
Bn = Cl(βn) = R
(
A, A−1
)(
A2 − A−2)xt2n1 + terms with lower powers of t1 (4.7)
where x is a natural number to be calculated and R(A, A−1) is the product of the polynomials Pk(A, A−1) for some different
natural ks and of a power of the variable A. It is easy to verify that no polynomial Pk(A, A−1) and no power A j is divisible
by the polynomial (A2 − A−2). Therefore, the polynomial R(A, A−1) is not divisible by the polynomial (A2 − A−2).
The number x is equal to the sum
2n · 20 + 2n−1 · 21 + · · · + 2n−k · 2k + · · · + 21 · 2n−1 = n2n.
Putting it in formula (4.7) we obtain that
Bn = R
(
A, A−1
)(
A2 − A−2)n2nt2n + terms with lower powers of t1.1
2030 J. Malešicˇ, M. Mroczkowski / Topology and its Applications 159 (2012) 2021–2031Fig. 14. The thickened link B1.
Proposition 2 is proved in the special case when there are no Dehn twists involved in homeomorphisms deﬁning the
satellite links. In the more general case there are some braids contained in βn beside clasps and trivial braids. But each
braid contributes only a power of A as a factor to R(A, A−1). Hence R(A, A−1) remains a polynomial which is not divisible
by the polynomial (A2 − A−2).
It is interesting that the obtained estimate (4.1) for the meridional number of Bing links is sharp, i.e. v(Bn) = 2n.
Proposition 3. For arbitrary Bing link Bn there exists a collection {D1, D2, . . . , D2n} of pairwise disjoint meridional disks in T such
that Bn has only nontraversing arcs in the corresponding chambers C1,C2, . . . ,C2n.
Proof of Proposition 3. It is obvious (see Fig. 6) that for the link B1 there exist two disjoint meridional disks D1 and D2
such that the corresponding chambers Ci ⊂ T , i = 1,2 contain only nontraversing arcs.
Assume that the proposition holds for n; we will prove it for n + 1.
Since the link Bn+1 is a satellite of the link B1 with the pattern Bn , there exists a thickened B1 having linked solid
tori T+ and T− as components such that Bn+1 consists of two copies of Bn , one embedded in T+ and the other in T−
(Fig. 14).
By the assumption there exist collections {D1, D2, . . . , D2n} and {D2n+1, D2n+2, . . . , D4n} of pairwise disjoint meridional
disks in the solid tori T+ and T− respectively, such that Bn+1 has only nontraversing arcs in the corresponding chambers
C1,C2, . . . ,C2n in T+ and C2n+1,C2n+2, . . . ,C4n in T− . We will construct a collection {E1, E2, . . . , E2n+2} of meridional disks
in the solid torus T such that Bn+1 has only nontraversing arcs in the corresponding chambers in T .
By the cut and paste techniques a collection {E1, E2, . . . , E2n+2} of meridional disks in T can be constructed such that
each intersection Ei ∩ T+ for i = 1,2, . . .n + 1 or Ei ∩ T− for i = n + 2,n + 3, . . . ,2n + 2 consists of a pair of disjoint
meridional disks in T+ or T− , respectively. Any two ﬁnite collections of pairwise disjoint meridional disks in a solid torus
are ambientally isotopic if they have an equal number of disks. Hence we can assume w.l.o.g. that
Ei ∩ T+ = Di ∪ D2n+2−i for i = 2,3, . . . ,n, and
E1 ∩ T+ = D1 ∪ D ′1, En+1 ∩ T+ = Dn+1 ∪ D ′n+1
where D ′1 and D ′n+1 are some appropriate meridional disks and
Ei ∩ T− = Di+n−1 ∪ D5n+3−i for i = n + 3,n + 4, . . . ,2n + 1, and
En+2 ∩ T− = D2n+1 ∪ D ′2n+1, E2n+2 ∩ T− = D3n+1 ∪ D ′3n+1
where D ′2n+1 and D ′3n+1 are some appropriate meridional disks.
Consider ﬁrst the solid torus T+ with the collection {D1, D2, . . . , D2n} of meridional disks, the corresponding chambers
{C1,C2, . . . ,C2n}, and the additional meridional disks D ′1 and D ′n+1 (Fig. 15).
There are only nontraversing arcs in the chamber C2n lying between the disks D2n and D1. It can be achieved by an
ambiental isotopy in the chamber C2n that there are only nontraversing arcs in the chamber lying between the disks D2n
and D ′1. To this purpose, choose a meridional disk D ′′1 lying so close to the meridional disk D1 that the chamber lying
between the disks D1 and D ′′1 contains only a trivial braid τ . Then stretch the chamber between D1 and D ′′1 to obtain the
chamber between D1 and D ′1 and squeeze the chamber between D ′′1 and D2n (Fig. 16).
Analogously by an ambiental isotopy in the chamber Cn+1 it can be achieved that there are only nontraversing arcs in
the chamber lying between the disks Dn+2 and D ′n+1. Now it is obvious that the link Bn+1 has only nontraversing arcs in
each chamber in T lying between the disks E1, E2, . . . , En+1. An analogous ambiental isotopying can be applied in the torus
T− to assure that Bn+1 has only nontraversing arcs in each chamber in T lying between the disks En+2, En+3, . . . , E2n+2.
Moreover, obviously there are only nontraversing arcs in the chamber lying between the disks En+1 and En+2 and in the
chamber lying between the disks E2n+2 and E1. 
Remark 1. The procedure of gradual isotoping of links in the proof of Proposition 3 is explained in [1, Chapter II, Section 9]
picturesquely:
J. Malešicˇ, M. Mroczkowski / Topology and its Applications 159 (2012) 2021–2031 2031Fig. 15. The collections {D1, D2, . . . , D2n} (on the left) and {E1, E2, . . . , En+1} (on the right) of meridional disks.
Fig. 16. The ambient isotopy of the chamber C2n depicted for n = 2.
“To be successfull, according to Bing, one must avoid the trap of being to greedy by attempting to accomplish too much
at once; instead, the tactics are to diligently reduce, a little bit at a time, the number of planes (= meridional disks)”.
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